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CMD   Cross Machine Direction 
MD   Machine Direction 
a   Span Length  
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𝑀𝑗    Bending moment in web at downstream roller 
R   Nominal Radius of Roller 
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𝜃𝑗    End rotation of web at downstream roller 
𝑣𝑖    Lateral deflection of web at upstream Roller 
𝑣𝑗    Lateral deflection of web at downstream Roller 
τ   Shear Stress 
τmax   Maximum shear stress 
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Tslack   Tension where Slack Edge Occurs 
θslack    Misalignment where Slack Edge Occurs 
mslack    Taper where Slack Edge Occurs 








1.1 Wrinkling in Web Handling 
 
A web is a long, thin and continuous sheet of material. The web material form can 
be advantageous when manufactured products can be made continuously instead of batch 
production. The web has a small in-plane bending stiffness (about the X and Y axes). 
There are a variety of materials in the market which can be classified as webs including 
papers, plastic films, foils, textiles products and composites. The lengths of webs are 
much greater than their widths and their widths are much greater than their thickness. 
Webs are transported through process machinery to enhance their value. Process 
operations can include coating, printing, slitting, laminating, folding and finally 




Web handling is the science associated with the transporting of a web through a 
web process machine. Process machines often first unwind a web and gain control of the 
lateral position of the web and the web tension. The web then transits several rollers and 
then enters one or more process operations.  Depending on the length of the process 
machine and process needs the web may have to be guided into position and have the 
tension adjusted many times. Finally if all processing operations have been successful the 
web is rewound into a roll form for storage until it is needed in a subsequent processing 
machine. A single web may have to transit through many process machines before it is 
converted to a final product. This is typical because many processes have to occur at 
different speeds making it impossible for all process operations to occur within one 
process machine. As a result one web may undergo processing in several machines which 
raises the probability that manufacturing errors or flaws will occur. This thesis will focus 
upon web stability. Sometimes webs become unstable between and on rollers and 
interrupt the web process. Some of the reasons webs become unstable are known. They 
include roller misalignment, lateral motions of the web, diameter variations of rollers and 
wound rolls, negative bow of rollers which can be due to roller deformation resulting 
from web tension, decreases in web tension which results in web expansion, temperature 
effects, visco-elasticity or discontinuities in the web itself. Thus there are many reasons 
that an isotropic uniform web might become unstable.  
 
Webs in process machines can be considered as a structure consisting series of 
plates and shells [18] as shown in Figure 1. While studying instability of webs their finite 
bending stiffness plays major role. Normally to transport a web through a machine 
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requires the web must be subjected to tension. This applied tension is responsible for 
forcing the web to conform to the shape of rollers in the form of a sector of a cylindrical 
shell. The rollers are supported on low friction bearings on their axis of symmetry. The 
tension in the web induces normal contact forces between the shells and the surface of 
rollers. If the tension and friction are sufficient the web will move with a tangential 
velocity that is equal to that of the roller surfaces. 
 
Figure 1 - Web in Transport through Process Machine 
 
The boundary conditions for problem of instability of webs might appear to 
depend on the frame of reference of the observer. If the observer is moving with the web 
it will appear to be a moving boundary condition problem as the unsupported plates of 
web becomes cylindrical shells as they transit rollers and then become a plate again. In 
the second case if the observer is standing to the side of the machine, the plates and shells 
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appear to have fixed dimensions and have steady state boundary conditions even though 
the web is moving. Due to the negligible mass of web the dynamic forces associated with 
the moving boundary conditions are small and can be neglected. Therefore here boundary 
conditions are defined with reference to second observer. In this problem the plates are 
supported at two opposing ends by rollers. The other two edges of plates are unsupported. 
The rollers give contact support to shells but this support is insufficient to prevent 
buckling instability of the shell. 
 
Webs exhibit multiple behaviors in terms of stability. The ideal behavior would 
be a stable web. In this case there would be no out-of-plane deformation of the plates, and 
also the shells would be perfectly cylindrical in shape. The second type of behavior is 
called troughs. Troughs are out-of-plane deformations of the web span between two 
rollers. Troughs often occur in web lines with or without wrinkles and may or may not be 
detrimental to the web quality depending on whether a process requires the web to be flat 
or not. The third type of behavior is called wrinkles. Wrinkles are out-of-plane 
deformations of the web that are transferred over rollers from one span to the next. 
Wrinkling is the most common defect encountered in manufacturing and converting of 
lightweight webs. The wrinkles are much more detrimental than troughs as they may 
cause creases, fold-overs and bursts which can degrade or even stop operations like 
coating, printing and paper-making. The web handling industry is continuously working 
on minimizing reasons responsible for wrinkling in order to improve the product quality 
with minimum waste. 
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The direction of the web travel through process machinery is called the Machine 
Direction (MD) and the coordinate direction normal to the machine direction in the plane 
of the web is called the Cross-Machine Direction (CMD). CMD lateral forces are mainly 
responsible for troughs and wrinkle formation. If the compressive CMD forces increase, 
an in-plane compressive second principal stress is produced and also increases (i.e. it 
becomes more negative). When this second principal stress reaches a critical value for 
buckling given by Shelton [1] troughs will start to appear in the web. The critical CMD 
compressive stress required to buckle the isotropic web under MD tension in free span 
can be calculated using the following equation: 






                                                   {1} 
where h is the thickness of the web, a is the length of web span, σmd is the tensile 
stress in web due to web line tension, E is the isotropic elastic modulus of the web 
material and ν is Poisson’s Ratio. 
  
Similarly the critical CMD stress required to induce wrinkles in cylindrical shells 
is given by Timoshenko [21] as:                                                                 
                                                           𝝈𝒄𝒓 =
−𝒉𝑬
𝑹 𝟑(𝟏−𝝂𝟐)
                                                     {2} 
 where R is the Radius of the Roller. 
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Wrinkles resulting from lateral shear forces are termed as Shear Wrinkles. The 
main causes of shear wrinkles in process industry include misaligned rollers, tapered 
rollers and other roller or web imperfections. 
 
1.2 Web Non-uniformity 
 
Depending on the final product requirement sometimes webs may have non-
uniformities like thickness variation across the web width or voids. Some products 
require layers of different materials to be bonded together (i.e. laminated) to meet the 
desired characteristics of the final product. Also there are many limitations associated 
with the production of webs that prevents the web from being perfectly uniform in length 
and thickness. This research study focuses on how non-uniform webs differ from uniform 
webs in terms of instability.  Much of the research to date has focused on instabilities in 
uniform webs. Little is known regarding whether non-uniform webs are more or less 






Review of Literature 
 
2.1 Journal Papers and Articles 
 
Shelton [1] was one of the first to study the theory governing the lateral dynamics 
of webs travelling through process machines. He studied the steering of a web due to a 
misaligned downstream roller. He developed some fundamentals of web behavior such as 
the zero internal web moment in a web approaching a downstream roller in a web span 
and the development of a slack edge criterion. Shelton also stated the principle of normal 
entry of a web approaching a downstream roller. These concepts were very important in 
establishing the correct boundary conditions for a web moving toward a downstream 
misaligned roller. Shelton modeled the web between two rollers as a beam. Then he 
applied the boundary conditions in order to satisfy the principles stated above to calculate 
the lateral web deflection. Shelton also built a test setup for experimental verification of 
his proposed model. 
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Miller and Hedgepeth [2] developed a wrinkling algorithm for finite elements 
based on the Stein-Hedgepeth wrinkle model. A local elasticity matrix D is developed for 
each finite elements based on their current strain state in each element. Each element may 
exhibit taut, wrinkled or slack behavior depending on the current state of strain. The finite 
element stiffness matrices were used in non-linear analyses of membrane structures. The 
external loads were applied in small increasing increments. After the element strains were 
calculated for a previous load increment the effective local elasticity matrices were 
updated based on the state of strain in each element using the algorithms presented in 
expressions {3}. After few load increments the local elasticity matrices were revised 
iteratively until resulting local stresses and strains in every element were in equilibrium. 
This procedure was continued until the final external loads were achieved and 
convergence was obtained. 
                  




 ; 𝜺𝟐 ≤ 𝜺𝟏 ≤ 𝟎









 𝒘𝒉𝒆𝒓𝒆 𝝀 =
−𝝐𝟐
𝜺𝟏
; 𝟎 < 𝜺𝟏 𝒂𝒏𝒅 𝝂𝜺𝟏 < −𝜺𝟐









 ; 𝟎 < 𝜺𝟏 𝒂𝒏𝒅 𝝂𝜺𝟏 > −𝜺𝟐
        {3} 
This algorithm was easy to adapt in any finite element code with iterative non-




Friedrich and Good [3] investigated the structural behavior of a web wrinkle 
passing over a cylindrical roller using finite element technique. They determined the 
relative effects of several material and geometric parameters on wrinkle stability based on 
assumption of material homogeneity and isotropy. The effect on wrinkling stability was 
studied by varying each processing parameter separately while holding other parameters 
constant. This study was useful for setting corrective guidelines to avoid problems like 
web tearing and longitudinal creasing. 
 
Gehlbach et al. [4] established a failure criteria equation for predicting the onset 
of shear troughs in a free span of a web, under the condition that the web was not allowed 
to slip at the roller immediately upstream of the misaligned roller. This paper was 
focused on Timoshenko’s Plate Buckling criteria [21], which suggested that shear 
stresses coupled with web line tension could result in a compressive 2
nd
 principal stress 
responsible for buckling of web. The mathematical model presented here was supported 
by experimental verification for the case of the misaligned downstream roller. The 
experiments were performed for different aspect ratios (a/b), web caliper (thickness) and 
web line velocity. 
 
Gopal and Kedl [5] developed finite element models to predict the formation of 
troughs and shear wrinkles. Their model extends the plate buckling theory to include 
slack edge behavior in the web and does not limit the trough shape to uniform amplitude 
sine waves. They too assumed that no moment was transferred into up-stream spans. 
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They performed finite element analysis using two approaches; in the first approach the 
web was modeled by two dimensional wrinkling membrane elements in which the 
elements do not have any capacity to resist compressive stresses. In this analysis total 
shear force is applied in one load step and equations iterated to achieve an equilibrium 
condition to determine the lateral deformation at downstream roller. In order to determine 
the condition for wrinkling, the shear force was increased until an unstable equilibrium 
equation was produced. But this model was unsuccessful in predicting wrinkles. 
 
The second approach that was used to model the web used three dimensional plate 
elements that allowed out-of-plane deformation of the web.  The misaligned roller was 
simulated by adding shear force in the CMD, after that a small out-of-plane perturbation 
was introduced into the model to establish an out-of-plane web shape. The troughs were 
said to be formed if there was out-of-plane deformation remaining after the out-of-plane 
perturbation force was removed. This model was able to successfully predict both lateral 
deformation of web and wrinkle failure. The model was tested against experimental 
results for producing the web shape for various misalignments and for wrinkles. They did 
not compared results with any classical shell-buckling theory. The web in shell form 
while on the roller was not modeled in any way which prevented wrinkle analysis. 
 
Papandreadis [6] presented a finite element code using wrinkling membrane 
elements which cannot support either bending or compression. He applied the lateral 
forces to model and characterized the effects of various material properties, loading 
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conditions and web thickness on web wrinkling. He also studied the lateral contraction of 
the web width. The algorithm was developed for calculation of average trough amplitude. 
Also presented in the paper was a buckling analysis of panels in NASTRAN and the 
characterization of the resulting mode shapes, including the number of waves present and 
wavelengths of the corrugations. The boundary conditions incorporated into the model 
were unable to simulate the process of web travelling over the roller surface; therefore 
this model was unable to predict the actual web behavior over a roller. 
 
 Shelton [7] studied the buckling of webs in free span and rollers due to lateral 
compressive forces. He developed the buckling criteria for web on roller as a pressurized 
cylindrical shell and web under tension in free span. He used Timoshenko’s buckling 
theory [21] to derive relationship between apparent buckling strain as a function of the 
ratio of amplitude and wavelength of buckled web. Shelton also analyzed the wrinkling 
behavior of a web due to change in tension across a roller, temperature or moisture level. 
He also considered the visco-elastic memory of plastic web, bending of wound rolls and 
roller deflections as possible sources of compressive strains. 
 
 Bensen et al. [8] developed a finite element code to simulate wrinkling patterns in 
a web due to non-uniform transport conditions. They examined wrinkling of very thin 
webs under different edge displacement conditions. The code was based on the tension 
field theory. They developed a Finite Element code with Wrinkling Analysis (FEWA) by 
utilizing the wrinkling strain method which assumed that out-of-plane deflection relieves 
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compressive stress across a wrinkle and that there is strain associated with this deflection. 
The algorithm was modified depending upon whether individual element exhibit taut or 
wrinkled behavior. The code was employed to give useful design information regarding 
the locations of compressive stresses and location of wrinkles if compression is relieved 
through buckling. The program was unable to predict onset of troughs or wrinkling 
wavelengths.  
 
 Good [9] predicted the shear in multi-span web system. He showed the effect of 
traction variation on the moment transfer between multiple web spans. The structural 
stiffness matrix approach given by Przemienecki [20] was used to calculate the moment 
due to a downstream misaligned roller and it was then compared with the moment which 
could be supported by friction between the web and roller. He also included the variation 
in traction due to entrained air between a moving web and transport roller. Good also 
developed slack edge criteria for a misaligned roller. The expressions developed in the 
paper for web shear and deformation as a function of roller misalignment, moment 
transfer and web edge slackness were verified experimentally for different materials. 
 
 Good et al. [10] discussed another work related to shear wrinkling in isolated web 
spans by applying classical instability theory. He modeled the problem to show 
dependence of wrinkles on the available traction between web and roller surface. Both 
Regime 1 (velocity independent) and Regime 2 (velocity dependent) wrinkles were 
modeled analytically and verified experimentally wherein traction was expressed as a 
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function of entrained air. The model was successful in determining the out-of-plane 
buckled deformations in free span i.e. troughs. In the case of Regime 2 wrinkles a traction 
algorithm, dependent on roller and web surface roughness, roller radius, static coefficient 
of friction, web tension and velocity, was developed as a function of air film thickness. 
The proposed model was able to predict Regime 1 shear wrinkles and compute a 
minimum level of machine direction tension required to propagate any wrinkle across the 
roller. 
  
 Good and Straughan [11] proposed a closed form solution for predicting wrinkles 
due to web twist. To determine the analytical solution the Rayleigh-Ritz method was 
employed to develop the stress profiles throughout the membrane using an Airy stress 
function. The CMD stress from analysis was equated to critical value required to buckle 
the cylindrical shell of web upon the roller surface to predict the onset of wrinkles. The 
theory presented was verified experimentally for range of materials. 
 
Webb [12] used finite element methods to predict the web wrinkles due to 
misalignment of a downstream roller in a web span. This model was also verified 
experimentally. He used the wrinkling membrane elements to model the free span. 
 
 Hashimoto [13] developed a theoretical model for predicting generation of web 
wrinkling due to misalignment of the roller and friction characteristics between web and 
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roller based on the observation for anisotropic webs. The model was verified by 
comparing results with measured data for various operating parameters. 
 
 Brown [14] proposed models for lateral mechanics of webs encountering 
misaligned and tapered roller. The model was based on two modified boundary 
conditions. One was a generalization of normal entry rule. The other was based on the 
application of principle of conservation of mass and was called the normal strain rule. 
Using these two rules along with a non-linear version of the equations for two-
dimensional plane stress numerical solution was obtained with a finite element partial 
differential equation solver. The results were compared with previously developed 
models. 
  
 Beisel [15] developed finite element models in COSMOS to predict troughs and 
wrinkles in uniform webs approaching tapered and misaligned rollers. He also derived 
analytical expressions for critical taper and critical misalignment required for trough 
formation. In his finite element models he implemented the boundary conditions 
established by Shelton [1], including the normal entry rule. The taper of roller or 
misalignment was simulated by applying shear forces in the CMD. He used the 
COSMOS® adaptation of the wrinkling membrane elements developed by Miller and 
Hedgepeth [2] to model the free span of web between two rollers. The non-linear analysis 
of the model was performed to predict the onset of wrinkles by gradually incrementing 
the shear force. The analysis was repeated until critical buckling stress was reached. He 
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verified and applied the shell buckling criteria to model the web on roller. Both tapered 
and misaligned roller models were verified by detailed experimentation and the 
comparison of results was satisfactory. Beisel’s study was first in the literature in 
presenting a method by which both troughs and wrinkles in webs could be predicted. 
 
Beisel et al. [18] employed classical instability analysis to predict onset of 
buckling called troughs in the web. The non-linear finite element analysis was used to 
model the tension field behavior of the web and to predict when the stiffeners that divide 
the webs will buckle or wrinkle. They verified model by conducting experiments with 
misaligned and tapered rollers. They also proposed a model to predict onset of troughs 
and wrinkles due to crowned downstream roller and achieved good agreements with 
experimental results. 
 
Mallya [16] investigated effects of voids like circular or elliptical hole on stability 
of webs. Voids in webs may occur as a result of the formation process or sometimes they 
are intentionally cut to satisfy the needs of a final web product. As voids in a web 
approach a downstream roller troughs form which may induce wrinkles. The CMD 
compressive stresses in the web on the roller become more compressive as the void and 
the associated troughs near the roller. Mallya demonstrated how these cases could be 
modeled using the finite element techniques outlined by Beisel [15]. He also verified the 




Kara [17] developed finite element model to predict wrinkles in webs with non-
uniform length across the width. The finite element modeling method used by Beisel [15] 
to model wrinkling due to misaligned, tapered and crowned rollers was modified to 
predict the occurrence of wrinkles due to length non-uniformity. The model was verified 
experimentally. The length variation across the web width was simulated using the 
thermo-elastic response of the web to a temperature distribution. 
 
2.2 Research Objective 
 
Beisel demonstrated a method which was proven to successfully model troughs 
and wrinkles in uniform webs due to misaligned, tapered and crowned rollers. Mallya 
was successful in demonstrating that the same method could be applied to web wrinkles 
due to voids. Kara was successful in demonstrating the same method could be 
successfully applied to web wrinkles due to web length variation. 
 
The objective of this research will be to determine if the methods developed by 
Beisel for predicting troughs and wrinkles in uniform webs can be applied to webs with 
non-uniform web thickness across the web width. If successful these methods will be 
used to compare the propensity for non-uniform webs to trough and wrinkle in 






Analytical Model Development 
 
3.1 Preliminary Assumption 
 
 Herein the propensity for non-uniform webs to trough or wrinkle will be 
considered. In this analysis the non-uniformity will be restricted to a web that has a step 
in uniform thickness part way across the web. This type of non-uniformity is common for 
laminated webs. This being said there are certainly choices in how webs are laminated. It 
will be assumed that the two laminae have been strain matched prior to lamination. This 
ensures that the laminated material will lie flat in the unloaded state. It also ensures that 
no internal web moments will pre-exist in the web. 
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3.2 Non-uniform Webs 
 
In this study the non-uniformity of a web cross-section is considered. An 
analytical model is presented here to study the formation of troughs in a web with a step 
change in thickness. A step web induces a lateral shear force into the web. Due to this 
force the web will be steered laterally and there will be formation of CMD compressive 
stress which can lead to the formation of troughs and wrinkles in the web. In this case the 
stiffness matrix approach, previously used by Beisel [15], is used by considering an 
isolated web span as a beam to determine the deflection of the beam. The two cases of a 
step web approaching a tapered roller and a misaligned roller are taken into consideration 
here. The compressive stresses due to the step thickness change will combine with 
compressive stresses due to downstream roller taper or misalignment. Thus the troughs 
and wrinkles may now be the combined result of web and roller imperfections. 
 
Beisel [15] analyzed a uniform web encountering a tapered and a misaligned 
roller. He developed closed form solutions for the critical taper and the critical 
misalignment required for trough formation in uniform webs:  
                             𝑚𝑐𝑟 =
2𝑎𝑅 60𝐸𝑥 𝐼+𝑇𝑎
2 1+𝜙  (𝑇+𝐺𝐴𝑆)
3𝑏2𝐸𝑥𝐺𝐴𝑆  10𝐸𝑥 𝐼+𝑇𝑎2(1+𝜙) 
𝜎𝑒𝑥                                     {4} 
𝜃𝑐𝑟 ,𝜏𝑎𝑣𝑔 =
6(5𝑏6𝐸𝑥
2𝑕2 + 𝑎4𝑇 5𝑏𝐺𝑕 + 3𝑇  1 + 𝜙 + 𝑎2𝑏3𝐸𝑥𝑕 25𝑏𝐺𝑕 + 𝑇 6𝜙 − 4  )
5𝐺(5𝑏6𝐸𝑥
2𝑕2 + 9𝑎4𝑇2 1 + 𝜙 + 2𝑎2𝑏3𝐸𝑥𝑕𝑇(13 + 3𝜙))
𝜎𝑒𝑥  
                                                                                                                              {5} 
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Beisel [15] demonstrated the efficacy of the expressions by using a test setup with 
an isotropic polyester web. The derivation for the uniform web given by Beisel [15] was 
verified and is used for comparison with the non-uniform web theory presented herein. 
Beisel’s expressions {4} and {5} account for tension stiffening which is important for 
long spans and shear stiffening which is important for short spans. 
 
3.3 Web Deflection Due to Tapered Roller 
 
 It is not always possible to manufacture perfectly cylindrical rollers. 
Manufacturing error produces rollers with an unintentional radial taper. These tapers will 
have detrimental effect on the webs encountering the roller, producing troughs and 
wrinkles due to shear. Modern manufacturing techniques may be helpful in minimizing 
the errors, but are costly. Therefore it is necessary to study the effect of a taper on the 
web line and providing guidelines and setting tolerance limits for roller manufacturing. 
 
 It is assumed that when a non-uniform web passes over a tapered roller that the 
bottom of web and the roller surface will share a common velocity that can vary with 
CMD location. A high web to roller coefficient of friction is assumed and as a result the 
web span under study will be isolated from moments in other spans. Insufficient web to 
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roller traction will result in the bending moment transfer from one span to another across 
a roller. 
 
 To study the effects of web non-uniformity a web with simple thickness non-
uniformity has been chosen. The web will have the regions of constant web thickness that 
transition as a step part way across the web width. This was done to simulate a laminated 
web. 
 
3.4 Properties of Non-uniform Webs 
 
𝑕1 = thickness on the thinner side of the web 
𝑕2 = thickness on the thicker side of the web 
b = total width of the web 
𝑏1  = width of thicker section of the web 
             𝑕𝑜 = 𝑕2 − 𝑕1 










A = area of the cross section=   𝑕1 ∗ 𝑏 +   𝑕𝑜 ∗ 𝑏1   
Q = first moment of area at given location 
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+  𝑕1 ∗ 𝑏 ∗ (
𝑏
2





−   𝑕1 ∗ 𝑏 +   𝑕𝑜 ∗ 𝑏1  𝑏𝑐
2
 
                                                                                                                              {6}
 
Figure 2 - Cross-section of Step Web 
 
3.5 Boundary Conditions 
 
 A step web moving on a tapered roller has a surface velocity profile on its lower 
surface that varies proportionately with the radius of roller. Due to the frictional forces 
between the web and the roller surface the lower surface of the web will confirm to the 
velocity profile of the roller. Since the web has a step thickness change in its cross-
section one side of the web will move faster over further distance than other side of the 
web. This difference of velocity will generate the moment across the width of the web. In 
this case some additional moment will be generated by the web.  
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The radius of the roller is given by expression {7}, where ‘R’ is the nominal 
radius at the center, ‘m’ is the slope of the radial taper (in/in) and ‘y’ is the CMD position 
across the roller with its origin at the center. 
 
Figure 3 - Tapered Roller Profile with Non-uniform Web 
               
𝑟 𝑦 = 𝑚 ∗ 𝑦 + 𝑅
For the thin edge: 𝑟1 𝑦 = 𝑚 ∗ 𝑦 + 𝑅 +
𝑕1
2
; −𝑏𝑐 < 𝑦 < −𝑏𝑐 + (𝑏 − 𝑏1)
For the thin edge: 𝑟2 𝑦 = 𝑚 ∗ 𝑦 + 𝑅 +
𝑕2
2
; −𝑏𝑐 +  𝑏 − 𝑏1 < 𝑦 < 𝑏 − 𝑏𝑐
  
                          {7} 
 
The local and average velocities of the web are given by expression {8} in which 




                  








𝑉𝑎𝑣𝑔 = 𝑅 ∗ 𝜔
                                      {8} 
In this case if we consider two sections with different thicknesses separately, we 
can write expressions for the strain profile of the respective section due to the difference 
in velocity across the width of the web. This analysis does not take into account any 
additional strain and stress due to the web line tension. 
                                         
𝜀𝑚𝑑   𝑦 =
𝑉 𝑦 −𝑉𝑎𝑣𝑔
𝑉𝑎𝑣𝑔












                                     {9} 
            The moment induced by a step web is calculated by integrating the varying 
stress across the width of the web. 

















          {10} 
where b = web width, h1 and h2 = web thickness at the opposite ends of the web, 
E = Young’s modulus, R = roller radius, Mj = moment applied at a downstream roller. 
 
 The slope of the beam at the ends gives other boundary conditions like the 
upstream deflection and the end rotations. The upstream deflection ( 𝑣𝑖) can be arbitrarily 
set to zero. For the Timoshenko beam the rotations of the cross-section at the beam ends 
is given by expression {11}.  
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                                             {11} 
According to the condition of normal entry of a web approaching or exiting a 
roller requires the slope of the lateral deformation 
𝑑𝑣
𝑑𝑥 𝑖 ,𝑗
 to be zero in expression {11}. The 
rotation at a downstream roller(𝜃𝑗 ) will be zero in order to follow the normal entry of a 









] must combine in such a way that 𝜃𝑗  
becomes zero. The shear strain effect is not considered in Euler beam theory. Thus 
rotations of the cross-section (𝜃𝑖 ,𝑗 )and the slope of the beam become synonymous in 
Euler Theory. Euler theory is used for long span beams (a/b>10) where bending stresses 
and strains are predominate. Timoshenko beam theory can be applied for beams with or 
without considering shear effects and is applicable for all span ratios (a/b). This analysis 
will be done using Timoshenko beam theory. 
 
Figure 4 - Boundary Conditions for a Tapered Roller 
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3.6 Beam Model 
 
The stiffness matrix approach is used to model an isolated web span as a beam. 
This methodology is demonstrated by Przemieniecki [20]. The stiffness matrix gives the 
relation between the forces and the elemental deformations. First, the basic stiffness 
matrix for a simple beam is formed and then terms related to the shear effects are added 
to the matrix. Finally the matrix is superimposed with another matrix representing the 
stiffness of a web due to the web line tension. The resulting stiffness matrix is given by 
expression {12}. 
 















































































































         {12} 
 
The sign conventions used for the deformations, forces and moments are as 




Figure 5 - Positive Sign Conventions of Beam 
 
The shear effect is represented by term ‘𝜙’ in expression {12} and is defined by 
expression {13}: 
                                                            𝜙 =
12𝐸𝑥 𝐼
𝐺𝐴𝑠𝑎2
                                                           {13} 
 where 𝐸𝑥  is Young’s modulus in MD, 𝐼 is moment of inertia of the cross-section, 
As is area of the cross-section reacting shear = (5/6)*(Area of Web) [Assumed].  





 rows of expression {12}, we can develop a model for describing the behavior of a 
web encountering a tapered roller. Expanding the 3
rd
 row in expression {12} and solving 
for fyj gives the following expression: 
                                   𝑓𝑦𝑗 =
6𝐺𝐴𝑠 10𝐸𝑥 𝐼+𝑇𝑎
2 1+𝜙  𝑣𝑗
𝑎[60𝐸𝑥 𝐼+𝑎2 𝑇+5𝐺𝐴𝑠  1+𝜙 ]
                                         {14} 
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Similarly, expanding the 4
th
 row of expression {12} will give the moment 
developed at a downstream roller. If we substitute 𝜃𝑖  and 𝑣𝑖 = 0, we can solve it for 
lateral force 𝑓𝑦𝑗 : 
                          𝑓𝑦𝑗 =
𝐺𝐴𝑠{10𝑎
2 1+𝜙 𝑀𝑗 + 60𝐸𝑥 𝐼+𝑇𝑎
2 1+𝜙  𝑣𝑗 }
𝑎 60𝐸𝑥 𝐼+𝑇𝑎2 1+𝜙  
                               {15} 
Expressions {14} and {15} both represent the downstream shear force (fyj), 
therefore we can set them equal to each other and resulting expression can be solved for 
the downstream deflection  𝑣𝑗  given by expression {16}.  
                                                𝑣𝑗 =
 120𝐸𝑥 𝐼+2𝑎
2 𝑇+5𝐺𝐴𝑠  1+𝜙  𝑀𝑗
 60𝐸𝑥 𝐼+𝑇𝑎2 1+𝜙  (𝑇−𝐺𝐴𝑠)
                                {16} 
 Expression {16} provides us with the lateral steering of a web due to a 
downstream tapered roller. Similarly the shear force at a downstream roller may be found 
by eliminating  𝑣𝑗  and solving for fyj. Once again expanding the 3
rd
 row of the stiffness 
matrix and solving it for  𝑣𝑗  gives: 
                                             𝑣𝑗 =
𝑎𝑓𝑦𝑗  60𝐸𝑥 𝐼+𝑎
2 𝑇+5𝐺𝐴𝑠  1+𝜙  
6𝐺𝐴𝑠[10𝐸𝑥 𝐼+𝑇𝑎2 1+𝜙 ]
                                       {17} 
Similarly, expanding the 4
th
 row of expression {12} will give the moment 
developed at a downstream roller. If we substitute 𝜃𝑖  and 𝑣𝑖 = 0, we can solve it for 
lateral deflection 𝑣𝑗 : 




 −10𝑎𝐺𝐴𝑠 1+𝜙 𝑀𝑗  + 60𝐸𝑥 𝐼+𝑇𝑎
2 1+𝜙  𝑓𝑦𝑗
 60𝐸𝑥 𝐼  +𝑇𝑎2 1+𝜙  
                          {18} 
 Now by equating expressions {17} and {18} and solving it for the shear force fyj: 
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                                        𝑓𝑦𝑗 =
 12𝐺𝐴𝑠 ∗ 10𝐸𝑥 𝐼+𝑇𝑎
2 1+𝜙  𝑀𝑗
 𝑇2𝑎3 1+𝜙  −𝐺𝐴𝑠𝑇𝑎3(1+𝜙)+[60𝐸𝑥 𝐼𝑎 𝑇−𝐺𝐴𝑠 ]
                       {19} 
Expressions {16} and {19} yield the deflection of a web and the shear force 
developed at a downstream tapered roller, in terms of the properties of a web and actual 
conditions present in the web line. 
 
3.7 Web Instability 
 
 The instability criterion for this type of beam model was developed by Good [19]. 
This analysis can be extended to the web with orthotropic material properties by using 
expression {20}. Timoshenko’s model of a plate loaded along both axis combined with 
the orthotropic web properties proposed by Lekhnitskii [24] are used to develop an 
expression for the critical CMD compressive stress for a web span loaded in tension in 
MD. But in this study only isotropic web materials are considered. So ‘𝐸𝑦 ’ is replaced by 
‘𝐸’ or ‘𝐸𝑥 ’ and 𝜈 = 𝜈𝑥𝑦 = 𝜈𝑦𝑥  in expression {20} to get the critical CMD compressive 
stress for isotropic web. 















                          {20} 
 The MD tensile stress and a CMD shear stress produced due to the steering load 










)𝟐 + 𝝉𝟐                                          {21} 
 When the principal stress calculated by expression {21} approaches the critical 
stress at buckling {20} troughs will occur. If we substitute this limit for the principal 
stress, the critical value of the shear stress which is required to buckle the web can be 
calculated using expression {22}. 













                               {22} 
The shear force fyj can be used to form the maximum shear stress in the web cross-
section, which can be further used in principal stress relation given by expression {21}. 
The maximum shear stress in a step cross-section can be calculated using the same 
approach as used in case of a rectangular cross-section. For the rectangular cross-section 
the shear stress distribution is given as: 






− 𝑦2                                                       {23} 
Expression {23} shows that the shear stress distribution across the rectangular 
cross-section is parabolic, having values zero on both the ends and maximum value at the 
center. The maximum shear stress can be calculated using expression {23} at the center 
of web (i.e. at y=0). 
                                                 𝜏𝑚𝑎𝑥 =
𝟑𝑓𝑦𝑗
𝟐𝑨
                                                       {24} 
Similarly for a step cross-section the shear stress distribution can be calculated as: 
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                                                                  𝜏 =
𝐕𝑸
𝑰𝒕
                                                           {25} 
where I is moment of inertia of a step web cross-section, V=fyj is total shear force 
at given location, t is thickness in the material perpendicular to shear, Q is first moment 
of area at given location. The first moment of area at point of maximum shear stress 
denoted by shaded lines in Figure 6 will be:       
                            𝑄 = 𝑕1(𝑏 − 𝑏1)  
𝑏−𝑏1
2
+ 𝑏1 − (𝑏 − 𝑏𝑐)                                 {26} 
 If we input all the parameters in expression {25} we can get an expression for the 
shear stress distribution. Depending on the dimensions of a cross-section we will get 
different shear stress factors (k). 
 
Figure 6 - First Moment of Area corresponding to Maximum Shear Stress 
31 
 
                                                   𝜏𝑚𝑎𝑥 = 𝒌
𝑓𝑦𝑗
𝑨
= 𝒌 ∗ 𝜏𝑎𝑣𝑔                                              {27} 
k = 1.50 for a rectangular cross-section (Uniform Web) 
k = 2.18 for a step cross-section under study (Non-uniform Web) 
 (b=6, 𝑏1=3, 𝑕1=0.001, 𝑕2=0.002, 𝑏𝑐=3.5) 
 Use of either average or the maximum shear stress is based on the expected shear 
stress distribution in the web. If shear force from expression {19} is substituted in 
expression {27} the result can be solved for a critical radial taper that will induce troughs 
into a web span. This critical taper is given by expression {28}. 
𝑚𝑐𝑟 =
𝑅𝑏(𝑕1 + 𝑕2) 60𝐸𝑥𝐼 + 𝑇𝑎
2 1 + 𝜙  {[60𝐸𝑥𝐼 + 𝑎
2 𝑇 − 5𝐺𝐴𝑠  1 + 𝜙 ] − 6 10𝐸𝑥𝐼 + 𝑇𝑎
2 1 + 𝜙  }
12𝐸𝑥𝑘    𝑕1𝑦






 ∗ 10𝑎𝐺𝐴𝑠 1 + 𝜙  10𝐸𝑥𝐼 + 𝑇𝑎













3(1 − 𝜈𝑥𝑦 𝜈𝑦𝑥 )
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3.8 Web Deflection Due to Misaligned Roller 
 
Roller misalignment in the web handling industry is a critical issue. In the web 
line all the rollers are aligned in such a way that their axes are parallel. The roller 
alignment is required to keep the web positioned laterally on a roller and also to avoid 
trough and wrinkle formation due to the lateral shear force. Accurate roller alignment is 
very difficult and time consuming process. Proper guidelines and tolerances might be 
helpful for this process, which can be developed by studying the behavior of a web 
encountering a misaligned roller. 
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 Good et al [10] and Shelton [1] proposed models for a misaligned roller case. 
Their models did not include tension effects, shear effects or consideration of orthotropic 
material properties. Beisel [15] included all these effects while developing his model for 
the uniform web. The same method is used for a step web encountering a misaligned 
roller. The behavior of a step web in the web line will depend on properties such as area 
of cross-section, moment of inertia and first moment of area.  
 
The misaligned roller case is modeled using the structural stiffness matrix 
approach as used in case of a tapered roller. The web span between an upstream roller 
and a downstream misaligned roller is modeled as a beam with the sign conventions 
given by Figure 5. The stiffness matrix for a beam given by expression {12} will be used 
to describe the web behavior. The properties of a step web cross-section defined in case 
of a tapered roller will be again used for developing this model. The only difference will 
be application of the boundary conditions. The boundary conditions in case of a 
downstream misaligned roller are defined as shown in Figure 7. 
 
The web guide at an upstream roller holds the web entry to arbitrary but constant 
point which is set to zero. 
                                                                  𝑣𝑖 = 0                                                           {29} 
 The rotation at the upstream roller is due to the shear deformation. 
                                                      𝜃𝑖 =
𝑓𝑦𝑗
𝐺𝐴𝑠




Figure 7 - Boundary Conditions for a Misaligned Roller 
 
 The zero moment at a downstream roller was proposed by Shelton [1].  
                                                                 𝑀𝑗 = 0                                                           {31} 
 The rotation of the downstream end of a beam will be equal to the angle of roller 
misalignment. 
                                                                𝜃𝑗 = 𝜃𝑚𝑖𝑠𝑎𝑙𝑖𝑔𝑛𝑒𝑑  𝑟𝑜𝑙𝑙𝑒𝑟                                     {32} 





 rows of expression {12}, we can develop a model for describing the behavior of a 
web encountering a misaligned roller. Expanding the 3
rd
 row in expression {12} and 
solving for fyj gives: 
                          𝑓𝑦𝑗 =
−𝐺𝐴𝑠 𝑇𝑎
3 1+𝜙 𝜃𝑗−12𝑉𝑗 (𝑇𝑎
2 1+𝜙 +10𝐸𝑥 𝐼) 
𝑎[60𝐸𝑥 𝐼+(𝑇𝑎2+10𝐺𝐴𝑠) 1+𝜙 ]
                            {33} 
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Similarly, expanding the 4
th
 row of expression {12} will give the moment 
developed at a downstream roller. If we substitute  𝑀𝑗 , 𝜃𝑖  and 𝑣𝑖  from expressions {29-
31} we can solve it for lateral force 𝑓𝑦𝑗 :                      
  𝑓𝑦𝑗 =
𝐺𝐴𝑠 [4𝑇𝑎
3 1+𝜙 +30𝐸𝑥 𝐼𝑎 4+𝜙 ]𝜃𝑗−𝑉𝑗 [3𝑇𝑎
2 1+𝜙 −180𝐸𝑥 𝐼] 
𝑎 𝑇𝑎2 1+𝜙 −30𝐸𝑥 𝐼(2+𝜙) 
                     {34} 
Expressions {33} and {34} both represent a downstream shear force (fyj), 
therefore we can set them equal to each other and resulting expression can be solved for 
the downstream deflection  𝑣𝑗 :  
             𝑣𝑗 =
𝑎{720𝐸𝑥




2𝐼2+8𝐸𝑥 𝐼𝑎2 15𝐺𝐴𝑠−𝑇 2−3𝜙  +𝑇𝑎4 𝑇+2𝐺𝐴𝑠  1+𝜙 }
𝜃𝑗                {35} 
Expression {35} provides us the lateral steering of a web due to a downstream 
misaligned roller. Similarly the shear force at a downstream roller may be found by 
eliminating 𝑣𝑗  and solving for fyj. Once again expanding the 3
rd
 row of the stiffness matrix 
and solving it for 𝑣𝑗  gives: 
               𝑣𝑗 = 𝑎
  𝑇𝑎2+10𝐺𝐴𝑠  1+𝜙 +60𝐸𝑥 𝐼 𝑓𝑦𝑗 + 𝐺𝐴𝑠𝑇𝑎
2 1+𝜙 +60𝐸𝑥 𝐼 𝜃𝑗
12𝐺𝐴𝑠[10𝐸𝑥 𝐼+𝑇𝑎2 1+𝜙 ]
                   {36} 
Similarly, expanding the 4
th
 row of expression {12} will give the moment 
developed at a downstream roller. If we substitute  𝑀𝑗 , 𝜃𝑖  and 𝑣𝑖  from expressions {29-
31} we can solve it for lateral deflection 𝑣𝑗 : 
                      𝑣𝑗 =
𝑎
3𝐺𝐴𝑠
 30𝐸𝑥 𝐼 2−𝜙 −𝑇𝑎
2 1+𝜙  𝑓𝑦𝑗 + 4𝐺𝐴𝑠𝑇𝑎
2 1+𝜙 +30𝐺𝐴𝑠𝐸𝑥 𝐼(4+𝜙) 𝜃𝑗
 60𝐸𝑥 𝐼  +𝑇𝑎2 1+𝜙  
         {37}
 Now by equating expressions {36} and {37} and solving it for the shear force fyj: 
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                       𝑓𝑦𝑗 =
𝐺𝐴𝑠[240𝐸𝑥
2𝐼2+8𝐸𝑥 𝐼𝑎
2 13+3𝜙 +3𝑇2𝑎4 1+𝜙 ]
240𝐸𝑥
2𝐼2+8𝐸𝑥 𝐼𝑎2 15𝐺𝐴𝑠−𝑇 2−3𝜙  +2𝑇𝑎4 𝑇+2𝐺𝐴𝑠  1+𝜙 
𝜃𝑗                     {38} 
Expressions {35} and {38} yield the deflection of the web and the shear force 
developed at a downstream misaligned roller, in terms of properties of the web and actual 
conditions present in the web line. 
 
 Now if we compare these expressions with that derived by Beisel [15] for a 
misaligned downstream roller case, we can observe that overall expressions are exactly of 
the same nature with only difference arising due to the step cross-section instead of a 
rectangular cross-section for the uniform web. The difference in the cross-section 
changes the parameters including cross-sectional area, moment of inertia and the first 
moment of area. 
 
 To predict the instability of a web approaching the misaligned roller, the 
expression describing the behavior of a web must be linked with an instability criterion 
previously given by expression {20}. This critical buckling stress is equated to the 2
nd
 
principle stress given by expression {21} and the result was solved for the critical shear 
stress, expression {22}. This critical shear stress is now equated to the average shear 
stress developed due to the shear force. If simultaneously the shear force from expression 
{38} is substituted in this expression we can solve it for the critical rotation of a 






2 15𝐺𝐴𝑠 − 𝑇 2 − 3𝜙  + 2𝑇𝑎
4 𝑇 + 2𝐺𝐴𝑠  1 + 𝜙 
𝐺𝐴𝑠[240𝐸𝑥
2𝐼2 + 8𝐸𝑥𝐼𝑎













3(1 − 𝜈𝑥𝑦 𝜈𝑦𝑥 )
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3.9 Slack Edge Limitation 
 
 If a slack edge is developed in the web, it will limit the use of expressions for the 
deflection of web and the shear force. A Slack edge occurs when a portion of the web 
develops zero MD stress. When the MD stress due to the moment becomes equal and 
opposite to the MD stress due to the web line tension, zero MD stress will develop at a 
web edge at that location in the web line. The onset of a slack edge can be determined by 
equating MD stress to zero. 
 
First let us consider the case of the uniform web encountering a misaligned roller. 
As we know the slack edge forms when portion of a web develops zero MD stress,  






= 0                                                  {40} 
For the case of a misaligned roller the model can be considered as a cantilever 
beam of length ‘a’ with load equal to the shear force ‘fyj’ acting at free end. Therefore the 
deflection at free end can be given as: 




                                                       {41} 
37 
 
 The deflection of a web at a downstream roller can be approximately related to 
the span length and the degree of misalignment as: 
                                                                 𝑣 ≅  
2𝑎𝜃
3
                                                         {42} 
 By equating expressions {41} and {42} we get: 
                                                              𝑓𝑦𝑗 =
2𝐸𝑥 𝐼𝜃
𝑎2
                                                        {43} 
 The moment induced due to this shear force at a downstream roller will be given 
as: 
                                                         𝑀𝑗 =  𝑓𝑦𝑗 𝑎 =
2𝐸𝑥 𝐼𝜃
𝑎
                                                {44} 
Therefore by putting this moment in expression {40} we can get the onset of a 
slack edge due to a misaligned roller as: 
                                                              𝜃𝑆𝑙𝑎𝑐𝑘 =
𝑇𝑎
𝐸𝑥𝑏2𝑕
                                                  {45} 
By following the same procedure the onset of a slack edge for a misaligned roller 
can be found for the non-uniform web, the expression for the critical misalignment 
required in that case can be given by: 
                                                             𝜃𝑆𝑙𝑎𝑐𝑘 =
𝑇𝑎
2𝐴𝐸𝑥𝑏𝑐
                                                  {46} 
 Similarly the slack edge criteria can be developed for a tapered roller also. In case 
of a tapered roller with the uniform web, the moment induced at a downstream roller [15] 
is given by: 
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                                                  {47} 
Putting this moment in expression {40} for the web line stress we will get the 
critical taper required to develop onset of a slack edge. 
                                                         𝑚𝑆𝑙𝑎𝑐𝑘 =
2𝑇𝑅
𝐸𝑥𝑏2𝑕
                                                      {48} 
 In case of the non-uniform web encountering a tapered roller the moment induced 
is given by expression {10}. If we put this moment in expression {40} we can solve it for 
the critical taper required to develop onset of a slack edge. 
                  𝑚𝑆𝑙𝑎𝑐𝑘 =
𝑇𝐼


















          {49} 
The expressions developed here gives the critical tension level at which the web 
will become slack. Thus the analysis of slack edge criteria gives the lowest tension level 






Finite Element Analysis of Troughs and Wrinkles 
 
4.1 Wrinkles Due to Tapered Roller 
 
When troughs from a free span of the web become severe, out-of-plane 
deformations begin to traverse a downstream roller and the web is considered to be 
wrinkled. As a web travels over a roller in the process machine, it changes from the plate 
structure in the free span to a cylindrical shell on the roller. The shell structure has higher 
buckling stability than the same web in the tensioned plate form. Therefore the criterion 
stated in expression {1} cannot be used to predict the critical stress for the buckling of 
these shell structures. Good and Beisel [19] proved the cylindrical shell buckling criterion 
developed by Timoshenko, expression {2}, could be used to calculate the critical stress 
required for the onset of wrinkling. 
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The wrinkling behavior of the web is difficult to model analytically and there is 
still no closed form solution available for a wrinkling analysis. Hence FE modeling
1
 was 
used to model the wrinkling behavior observed in the laboratory. Webb [12] was the first 
one to model the web with troughs formed in the span using finite elements. Webb 
modeled the behavior of the web encountering a misaligned roller. Webb’s model for 
wrinkling analysis was giving correct results only after adding the angle needed to cause 
trough formation to the angle of rotation needed to cause wrinkles per FE analysis. Beisel 
[15] then modified Webb’s FE model to predict wrinkles in a misaligned roller as well as 
a tapered roller case in a consistent manner.  
 
 The models developed for a misaligned roller and a tapered roller cases were 
validated by extensive experimentation for various tension levels and span lengths by 
Beisel. This shows that Beisel was successful in simulating the actual boundary 
conditions in both the cases. The method for determination of the onset of wrinkle due to 
a tapered roller is developed here with some modifications to Beisel’s approach. The 
wrinkling membranes developed by Miller and Hedgepeth [2] are used to handle post 
buckled state of the web in the free span. As explained earlier wrinkling membrane 
elements cannot sustain compressive stresses, hence they could be used to model a web 
with already formed troughs. These elements, when used to handle a buckled condition, 
may take either elastic or wrinkled or slack state depending on the current state of the 
strain in the element. Thus it requires a non-linear iterative process to handle the strain 
state dependent properties of the wrinkling membrane elements. 
                                                 
1
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 The FE model developed as shown in Figure 8 is divided into twelve panels. 
Panels 1-6 represent the thinner side of the web (thickness equal to h1) and similarly 
panels 7-12 represent the thicker side of the web (thickness equal to h2). The first panel 
represents the web on the upstream roller. This web must be able to contract due to the 
Poisson effect and the applied tension. As the web exits the upstream roller no slippage is 
allowed until the web leaves the roller; this is simulated by locking the nodes at the exit 
of the upstream roller in the x-direction along a vertical line. The nodes in the web on the 
upstream roller are coupled in horizontal direction to enforce a normal entry and exit. 
Each node on the horizontal line must move with the same y displacement as the rest of 
the nodes on the same line. The second panel represents the free web span with potential 
for developed troughs. The wrinkling membrane elements are used to simulate the 
buckled state of the web in this span. The third panel represents the web near the end of 
the free web span approaching a downstream tapered roller and nodes on this panel are 
again locked in horizontal lines to ensure a normal entry of the web to a roller.  
 
The fourth panel represents the web on a downstream tapered roller. The fifth and 
sixth panels are used only to help achieve the desired boundary conditions in the left hand 
side of the model. Similarly panels 7-12 represent the thicker side of the web in same 
order, seventh panel for the web on the upstream roller, eighth panel for the free web 
span under study and so on. The boundary conditions represented for the case of a 
downstream tapered roller as given by expressions {10} and {11}, and 𝑣𝑖 = 0 are then 
implemented in the FE model. The set of lateral forces is applied as shown in Figure 8 to 
impose a constant moment in the web between the entry and exit of a tapered roller. The 
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web line tension is applied at both the ends of a web using pressure lines, so that it 
simulates the uniform σx stress across the web cross-section. The central node of the 
model is pinned to constrain the rigid body motion of the web. All rotational degrees of 
freedom and translation in Z-direction are constrained, so that the web remains planar. 
 
Figure 8 - FE Wrinkle Model, Tapered Roller 
 
 Once the model is developed, execution is carried out using the non-linear 
analysis for prediction of wrinkles and the loads were incremented in 20 time steps. As 
shown in Figure 9 in the first few load steps the level of the σx stress due to web line 
tension would be raised to desired level. Then shear force would be raised from zero to a 
test value. After executing the model the compressive principal stresses in elastic 
elements on the tapered roller were reviewed. While executing the model the shear force 
was increased in steps until the critical compressive stress given by expression {2} is 
reached in the second row of elastic nodes on the tapered roller. The second row was 
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selected due to the way COSMOS interpolates the stresses. COSMOS takes elemental 
stress values in consideration while interpolating them to nodal stresses. If we select the 
first row on middle roller, it has an elastic element on one side and a wrinkling membrane 
element on the other side. The second row of nodes has same type of elements i.e. elastic 
elements on either side.  So interpolation of the nodal stresses gave approximately correct 
results for the second row of nodes. Once the critical buckling stress {2} is reached the 
web was considered to have reached the onset of wrinkle formation.  
 
Figure 9 - Time Curve, Non-linear Analysis 
 
When the critical stress is reached the execution of model was stopped and σx 
stresses were recorded for all the nodes on the second row of a tapered roller. This σx 
stresses from the software were compared with theoretical σx stresses obtained using 
expression {40}. The error between these values was minimized by changing the moment 
using an equation solver. The optimum value of the moment was calculated from this 
analysis. Finally the critical taper required for the onset of a wrinkle formation was 
determined by inputting this moment in expression {10}. 
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Figure 10 shows contours of σx from the FE model. By reviewing σx stress output 
we can see that a moment is developed at the upstream end of the troughed web span. 
The moment decreases linearly until a net value of zero in the middle of the span and 
continues decreasing towards the downstream tapered roller. 
 
Figure 10 - σx Stress Output 
 The output of the compressive principal stress across the web is shown in Figure 
11. 
 
Figure 11 - Critical σy Stress developed in FE analysis of Tapered Roller 
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4.2 Troughs Due to Tapered Roller 
 
 The linear analysis of the model described for wrinkles gives the critical taper 
required for the onset of troughs. The linear analysis was carried out by varying different 
parameters like the web line tension and aspect ratio. This type of analysis does not take 
into account the time curves. The σx stresses and shear forces both applied directly in a 
single step. After execution of model σ2 stresses were reviewed in the middle of a free 
web span. When these stresses reach the critical value given by expression {1}, troughs 
are said to be formed. Once this critical principal stress was attained the taper required for 
the onset of troughs can be calculated using same approach as explained earlier. The 
results from a linear analysis were compared with the analytical model developed. 
 
4.3 Wrinkles Due to Misaligned Roller 
 
 The FE model for determination of the wrinkle formation due to a downstream 
misaligned roller is similar to the model presented in the previous section. The buckling 
criterion for a shell given by expression {2}, yields the compressive stress that the web 
on the misaligned roller can withstand before a wrinkle forms. The boundary conditions 
presented by expressions {29-32} were implemented in FE model as shown in Figure 12. 
The moment at a downstream misaligned roller is zero in this case. So the shear forces 
applied on the middle roller in the case of tapered roller were removed. The model is 
divided into ten panels. Panels 1-5 represent the thinner side of the web (thickness equal 
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to h1) and similarly panels 6-10 represent the thicker side of the web (thickness equal to 
h2). The first panel represents the web on the upstream roller. The nodes in the web on 
the upstream roller are coupled in horizontal direction to enforce a normal entry and exit. 
Each node on the horizontal line must move with the same y displacement as the rest of 
the nodes on the same line. This web must be able to contract due to the Poisson effect 
and the applied tension. As the web exits the upstream roller no slippage is allowed until 
the web leaves the roller; this is simulated by locking the nodes at the exit of upstream 
roller in the x-direction along a vertical line. The second panel represents the free web 
span with potential for developed troughs. The wrinkling membrane elements are used to 
simulate the buckled state of web in this span. The third panel represents the web on a 
downstream misaligned roller. The fourth and fifth panels are used only to help achieve 
the desired boundary conditions in the left hand side of the model.  
 
Similarly panels 6-10 represent the thicker side of the web in same order, sixth 
panel for the web on the upstream roller, seventh panel for the free web span under study 
and so on. The web line tension is applied at both ends of the web using pressure lines, so 
that it simulates the uniform σx stress across the web cross-section. The central node of 
the model is pinned to constrain the rigid body motion of the web. All the nodes are 
constrained in Z-direction and against rotational degrees of freedom in all three 




Figure 12 - FE Wrinkle Model, Misaligned Roller 
 The model was then executed by applying the desired web line tension. In the 
next step the shear force was applied and increased until the critical compressive stress 
given by expression {2} was achieved in second row of elements on the downstream 
misaligned roller (middle roller in model). The shear force and σx stresses were applied 
using time curve as shown in Figure 9. Since the rotational degrees of freedom are not 
defined for the Shell4 element, the rotation of the downstream roller must be determined 
through the displacements. Once the critical stress, {2}, was reached, the nodal 
deformations in Y-direction were recorded for nodes on central horizontal line on middle 
roller. From these deformations slope was calculated. The misalignment required for the 
onset of wrinkle formation was then determined as: 
                                      𝜃𝑗 = 𝐴𝑟𝑐𝑡𝑎𝑛
𝐵−𝐴
𝐴𝑟𝑐  𝑙𝑒𝑛𝑔𝑡 𝑕  𝑜𝑓  𝑤𝑒𝑏  𝑖𝑛  𝑐𝑜𝑛𝑡𝑎𝑐𝑡  𝑤𝑖𝑡𝑕  𝑟𝑜𝑙𝑙𝑒𝑟
                    {50} 
 B = y-deformation on right end of the misaligned roller 
 A = y-deformation on left end of the misaligned roller  




Figure 13 - Deformation across the Misaligned Roller 
 
The sample σy stress output from this model is shown in Figure 14. If the MD 
stress is analyzed we can see a moment varying linearly from maximum at the upstream 
roller boundary and decreasing as we get towards the downstream misaligned roller. At 
the downstream misaligned roller the moment reduces to approximately zero. If the 
deformations across the misaligned roller are studied, it can be seen that web deforms 
linearly across this region following the normal entry rule. 
 
Figure 14 - Deformed Model showing σy Stress Output 
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The output of the compressive principal stress across a non-uniform web 
approaching a misaligned roller is shown in Figure 15. 
 
Figure 15 - Critical σ2 Stress developed in FE analysis of the Misaligned Roller 
 
4.4 Troughs Due to Misaligned Roller 
 
 The linear analysis of the model described for wrinkles gives the critical 
misalignment required for the onset of troughs. The linear analysis was carried out by 
varying different parameters like the web line tension and aspect ratio. This type of 
analysis does not take into account the time curves. The σx stresses and shear forces both 
applied directly in a single step. After execution of model σ2 stresses were reviewed in the 
middle of a free web span. When these stresses reach the critical value given by 
expression {1}, troughs are said to be formed. Once this critical principal stress was 
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attained the misalignment required for the onset of troughs can be calculated using same 
approach as explained earlier. The results from a linear analysis were compared with the 
analytical model developed.  
 
4.5 Saint Venant’s Principle 
 
 In the FE models developed it can be seen that the applied shear forces are far 
away from the vicinity where wrinkling was studied, look at Figure 8 and 12. The loads 
are applied at the roller boundaries and we are interested in stress output in the middle of 
the span. Hence according to St. Venant’s principle [23] we can use any arrangement of 
these shear forces as long as the resultant forces are identical. This principle state that if 
an actual distribution of forces is replaced by a statically equivalent system, the 
distribution of stress and strain throughout the body is altered only near the regions of 
load application. This principle was verified for FE models by considering different load 
distributions for applied shear forces as shown in Figure 16, while keeping the equivalent 
loading constant. The three cases studied were: 
1. Uniform Loading 
2. Parabolic Loading 
3. Step Loading 
 
      The FE model was executed three times with different types of loadings keeping 
equivalent shear force constant. After the execution stress and deformation outputs were 
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reviewed. It was observed that if we have all other parameters constant change in type of 
loading does not affect the resultant stresses and strains. The sample input is shown in 
Figure 16 where the resultant shear force is 0.796 lbs. 
 
 






Comparison of Results 
 
The analytical model developed in Chapter III was compared with the results 
from the execution of the FE model developed in COSMOS. The model was executed for 
the web width of 6”, the uniform web of thickness 0.001” with Young’s modulus of 
725000 psi and Poisson’s ratio of 0.3. These properties are typical for bi-axially oriented 
polyester film. The roller radii were 1.4323” for both the upstream and downstream 
rollers for the tapered roller case, and 1.499” for the misaligned roller case. The cases 
were run for different aspect ratios which is the ratio of the span length to the width of the 
web (a/b = 1-5) and different web line tensions (5-40 lbs). The non-uniform web was 
modeled with the thickness on the thinner side of web= 0.001” and the thickness on the 
thicker side of web= 0.002”. 
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5.1 Results for a Tapered Roller 
 
 Figure 17 replicates the comparison of analytically determined values from 
Beisel’s approach [15] for a critical taper at a given aspect ratio to the FE models for the 
uniform web with 0.001” thickness, non-uniform web (h1=0.001”, h2=0.002”) and the 
web line tension T=16.56 lbs. The FE model was acceptable in predicting the onset of 
troughs in a web span due to a tapered roller for a range of aspect ratio. The procedure for 
using linear finite element analysis to predict troughs was presented in Chapter IV, Page 
45. For the analytical model for a non-uniform web a factor of k=2.18 from expression 
{27} was used for calculating the maximum shear stress which was then used to calculate 
the critical taper using expression {28}. As the aspect ratio increases additional taper is 
required to generate a trough. At low aspect ratio (a/b=1) the theory was unable to give 
good results predominantly due to the shear effects. The results presented here correlates 
well with the experimental data generated by Beisel for a polyester web of 0.00092” 
thickness (for instance a/b = 5, taper required to induce a trough in the web was 0.00063 
in/in). It requires more taper to generate a trough in the uniform web encountering a 
tapered roller than the non-uniform web. This is because more shear is produced in the 





Figure 17 - Troughs Due to Taper-Aspect Ratio 
 
 
 In Figure 18 it can be seen that if we run FE models using a non-linear analysis 
the post buckling analysis gives us the critical taper values for the onset of wrinkling. In 
this analysis the Miller-Hedgepeth elements described in Chapter II are used in the free 
spans. If tension is kept constant ( T=16.56 lbs) as we go on increasing the aspect ratio it 
will require more taper to induce a wrinkle in the web. Also for the same aspect ratio the 
uniform web can withstand more taper than the non-uniform web before a wrinkle forms. 
The maximum compressive stresses that initiate buckling appear in the middle of the web 
width approaching a tapered roller in case of the uniform web, while for the non-uniform 




Figure 18 - Wrinkles Due to Taper-Aspect Ratio 
 
Now the aspect ratio is kept constant (a/b=5; Span length a=30”, Web width 
b=6”) and the web line tension was increased step by step from 0 to 40 lbs. The Figure 19 
shows the comparison of analytical values for a critical taper with the FE model results. 
The graph shows FE results in good agreement with analytical values for low tension 
levels. There is slight variation between results for higher web line tensions. For the 
analytical model of non-uniform web a factor of k=2.18 from expression {27} was used 
for calculating the maximum shear stress which was then used to calculate the critical 
taper using expression {28}. The linear analysis of the FE model shows that the uniform 
web is more stable than the non-uniform web. It requires more taper to generate a taper in 
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the uniform web encountering a tapered roller than the non-uniform web for the same 
web line tension. This is because more shear is produced in the non-uniform web for a 
given taper since it has greater area moment of inertia.  
 
Figure 19 - Troughs Due to Taper-Varying Tension 
 
In Figure 20 it can be seen that if we run FE models using a non-linear analysis, 
the post buckling analysis gives us the critical taper values for the onset of wrinkling. In 
this analysis the Miller-Hedgepeth elements described in Chapter II are used in the free 
spans. If the aspect ratio is kept constant (a/b=5) as we go on increasing the web line 
tension it will require more taper to induce a wrinkle in the web. Also for the same web 
line tension the uniform web can withstand more taper than the non-uniform web before a 
wrinkle forms. In the non-uniform web the maximum compressive stress that initiate 
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buckling first appear in the thinner side of the web. For lower tension values (T<5 lbs) 
the model does not produce result as the slack edge forms as per expression {49} before 
the critical stress for wrinkling given by expression {2 } is reached. 
 
Figure 20 - Wrinkles Due to Taper-Varying Tension 
 
 In case of non-uniform web case presented herein the thicker side of the web can 
be either on left or right side. Both the cases were studied over a range of aspect ratio. 
The change in orientation was responsible for shifting the centroidal axis of the web 
cross-section. Also the relative velocity of the web was changed with respect to CMD 
location, which was responsible for generation of moment in opposite direction at the 
downstream roller. The models produced different values for the critical taper required to 
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induce troughs depending on the orientation of the web cross-section on to a tapered 
roller as shown in Figure 21. 
 
Figure 21 - Effect of Orientation of Web on a Tapered Roller 
 
 Figure 22 shows the results for critical taper required for the onset of troughs for 
three different cases. It can be seen that uniform web is more stable than non-uniform 
webs considered herein. The difference in degree of taper required for the onset of 
troughs arises due to changing moment of inertia of web cross-section. Also, in case of 
non-uniform web with the thinner side of 0.0005” the critical buckling stress given by 





Figure 22 - Effect of Variation in thickness parameter 
 
5.2 Results for a Misaligned Roller 
 
Figure 23 shows the comparison of analytically determined values from Beisel’s 
approach [15] for a critical misalignment at a given aspect ratio to FE models for the 
uniform web with 0.001” thickness and web line tension T=16.56 lbs. In the analytical 
model the factor k=1 is used instead of k=1.5, expression {27}, for the maximum shear 
stress calculation. Beisel observed that factor k=1 gives good approximation when 
comparing analytically determined values with the experimental and FE results. These 
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results verify this behavior too. The FE model was showing good agreement with the 
analytical model in predicting the onset of trough in a web span due to a misaligned 
roller. For the analytical model of non-uniform web the factor of k=2.18, from expression 
{27}, instead of k=1 was used for calculating the maximum shear stress which was then 
used to calculate the critical misalignment using expression {39}. As the aspect ratio 
increases additional misalignment is required to generate a trough.  For the same aspect 
ratio the uniform web can withstand more misalignment than the non-uniform web before 
trough formation. This is because more shear is produced in the non-uniform web for a 
given misalignment since it has greater area moment of inertia. 
 
Figure 23 - Troughs Due to Misalignment-Aspect Ratio 
 
In Figure 24 it can be seen that if we run FE models using a non-linear analysis, 
the post buckling analysis gives us the critical misalignment values for the onset of 
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wrinkling. If the tension is kept constant (T=25 lbs) as we go on increasing the aspect 
ratio it will require more misalignment to induce a wrinkle in the web. Also for the same 
aspect ratio the uniform web can withstand more misalignment than the non-uniform web 
considered herein before a wrinkle forms. This is because more shear is produced in the 
non-uniform web for a given misalignment since it has greater area moment of inertia. 
 
Figure 24 - Wrinkles Due to Misalignment-Aspect Ratio 
 
Figure 25 shows the comparison of analytically determined values from Beisel’s 
approach [15] for a critical misalignment at a given web line tension to FE models for the 
uniform web with 0.001” thickness, non-uniform web (h1=0.001”, h2=0.002”) and a web 
span of a=18”. Beisel used the factor k=1 for the shear stress calculation in the analytical 
model based on his observations in experimental results. For the analytical model of non-
uniform web a factor of k=2.18, from expression {27}, instead of k=1 was used for 
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calculating the maximum shear stress which was then used to calculate the critical 
misalignment using expression {39}. The procedure for using linear finite element 
analysis to predict troughs was presented in Chapter IV, Page49. The FE model was 
showing good agreement with the analytical model in predicting the onset of troughs in a 
web span due to a misaligned roller at lower aspect ratio. But for long spans the theory 
developed was not able to produce good approximation. As we can see the uniform web 
is more stable than the non-uniform web. It requires more misalignment to generate a 
trough in the uniform web encountering a misaligned roller than the non-uniform web. 
This is because more shear is produced in the non-uniform web for a given misalignment 
since it has greater area moment of inertia. 
 




The non-linear analysis of proposed wrinkling model for misaligned roller case 
gives us the critical misalignment values for the onset of wrinkling. If tension in the MD 
is increased it will require more misalignment to induce a wrinkle in the web as shown in 
Figure 26. Also for the same web line tension the uniform web can handle more 
misalignment than the non-uniform web before a wrinkle forms. For lower tension values 
(T<10 lbs) the model does not produce result as the slack edge forms as per expression 
{46} before the critical stress for wrinkling given by expression {2 } is reached. 
 










1. Linear FEA was more accurate than the closed form expression in predicting the 
onset of troughs in the non-uniform webs approaching tapered or misaligned 
rollers. (Judgment of ‘k’ is not required). These closed form solutions still have 
value for web line engineers who lack the ability or time to employ FEA. The 
closed form solutions typically yield conservative results that can safely be used 
by design engineers.  
 
 
The closed form solution was developed to predict the trough formation in non-
uniform web approaching a downstream tapered roller with consideration of shear 
effects, tension effects and orthotropic web properties. This method is consistent with the 
case of a non-uniform web approaching a misaligned roller. Both these cases are 
presented in Chapter III. The onset of troughs can be predicted using linear analysis of FE 
models and the results were more accurate as compared to theoretical values derived 
from the closed form solution, as shown in Figures 17, 19, 23 and 25, for the critical taper 
and misalignment given by expressions {28} and {39} respectively.                       .
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2. Non-linear FEA can predict the onset of wrinkles in uniform and non-uniform 
webs approaching tapered or misaligned rollers. 
 
The wrinkling of non-uniform webs while moving over a roller is modeled using 
wrinkling membrane elements in a FE non-linear analysis. The classical shell buckling 
criteria is used to calculate the critical stress for the onset of wrinkling. The cases of both 
the tapered and the misaligned roller are modeled using a consistent method in Chapter 
IV. The results for a critical taper or misalignment required for the onset of wrinkling are 
as shown in Figures 18, 20, 24 and 26. 
 
3. It has been shown herein that the non-uniform web studied is more unstable 
than the uniform web, the non-uniform web is more susceptible to troughs and 
wrinkles. 
 
Troughs will induce in thinner part of non-uniform web for which critical 
compressive stress is low. The non-uniform webs require less taper to induce troughs and 
wrinkles when compared to uniform webs approaching a tapered roller for same aspect 
ratio and tension as shown in Figures 17, 18, 19 and 20. The non-uniform webs require 
less misalignment to induce troughs and wrinkles when compared to uniform webs for 
same aspect ratio and tension as shown in Figures 23, 24, 25 and 26. Increasing aspect 
ratio gives more tolerance for misalignment before trough formation for both uniform and 




6.2 Future Work 
 
 The work presented here is based on assumption that as the web exits the 
upstream roller no slippage is allowed until the web leaves the roller. Thus this research 
does not take into account web traction. These traction effects may be incorporated in 
future modeling efforts. 
 
 The efforts can be made to model the current problems presented herein using 
explicit 3D CAD modeling. The problem can be modeled in software like ABAQUS with 
minimal boundary conditions and assumptions. The factor k=1 used in closed form 
solution for a critical misalignment in case of the uniform web produces good results, but 
still theory behind using it is not clear. If compressive stress required for buckling is 
evaluated over width of at least one wavelength of trough better criterion can be 
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The FE package used for modeling the problem was COSMOS 2.8. To start 
modeling first a new file is created in COSMOS. That would give a blank screen with 
coordinate axis system. To create the geometry proper plane was then selected using 
VIEW command. Then model geometry was created using points, curves and surfaces. 
Next, the element group 1 for elastic portion of the web was selected. This element group 
utilized the Shell4 element in COSMOS. This element is 4 node quadrilateral elements 
used to model the thin shells. In COSMOS 4 node element is made up of 4 triangles 
instead of a whole quadrilateral element as one unit. This element shows symmetry 
behavior in symmetric problems and accuracy of calculations is good. All the default 
settings of element group (such as regular elastic behavior and linear elastic material) 
were used except that large displacement formulations were selected. Then the material 
properties Ex and ν were entered. Next, the thickness was entered under the Real 
Constants. Once the elastic element groups were defined in geometry the second element 
group was defined. This element group was used to model the web with developed 
troughs. Again the Shell4 elements were selected, but now the membrane analysis was 
selected instead of regular analysis. Next, wrinkling membrane input was selected in the 
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material type; all other default settings were maintained for this element. The wrinkling 
membrane elements could not withstand compression in σ2 direction. Once the wrinkling 
membrane option is selected the analysis is required to be non-linear due to state 
dependent material properties.   
 
The grid size was set to 40 elements across the 6” width of the web. In the web 
span where stresses changed slowly, the elements were set to be approximately 3 times 
longer than their width. In the area of rollers, on the boundary between element types 
where the compressive stresses were expected to develop, the length of the elements was 
set to ½ their width. The nodes were then merged together using NMERGE within 
tolerance of 0.0001 and then again renumbered automatically by COSMOS through 
NDUPDATE command. All the boundary conditions discussed in Chapter III were then 
implemented into the model through load boundary conditions option, which allows to 
set coupling constraints and locks degrees of freedom of nodes which are not required. 
The web line tension was then applied as a uniform stress σx across the width at both the 
ends of the model. The lateral load was also applied evenly on nodes as shown in Figure 
8. 
 
A non-linear analysis was required to converge at each step but if too large a time 
step of load increment was applied then convergence was not achieved. The total time 
was set to 1 with a time step of 0.05. Thus the load was applied in 20 time steps. All other 
default settings in COSMOS were kept unchanged. The force control technique was used 
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along with Newton Raphson method instead of the default Modified Newton Raphson 
method. 
 
A sample session file is given below; this file was used for the simulation of 
wrinkle formation in case of the non-uniform web approaching a tapered roller. 
E=725000 psi, ν=0.3, h1=0.001”, h2=0.002”, b=6”, a=30”, R=1.43239”. A web line 
tension was set at T=30 lbs by applying the pressure in the form of uniform stress σx 
=3333.33 psi. The lateral load fyj=0.43092 lbs was applied at roller boundaries as shown 
earlier in Figure 6. The lateral loads were multiplied by scaling factor of 1.95 through 
time curve 2, a value know to cause the critical CMD stress. The determination of correct 
scaling factor requires some iterative procedure. From equation {2} a critical 
compressive stress of 306.334 psi is required for the onset of wrinkle.  
 
The session file (with extension .ses) may be loaded into COSMOS, by selecting 
File-Load-then selecting text file which can be created from copying and pasting the 
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Scope and Method of Study: Depending on the final product requirements webs may 
have thickness non-uniformities across the web width. Some products require layers 
of different materials to be bonded together (i.e. laminated) to meet the desired 
characteristics of the final product. Also there are many limitations associated with 
the production of webs that prevent the web from being perfectly uniform in length 
and thickness. This research study focuses on how non-uniform webs differ from 
uniform webs in terms of instability when travelling through process machinery. 
Much of the research to date has focused on instabilities of uniform webs. Little is 
known regarding whether non-uniform webs are more or less stable than uniform 
webs which will be examined herein. The non-uniform web approaching tapered 
roller and a misaligned roller were modeled using finite element techniques in 
COSMOS. The results from Finite Element Analysis (FEA) models were compared 
with closed form solutions that were developed using a structural stiffness matrix 
approach. 
 
Findings and Conclusions: Linear FEA was more accurate than the closed form 
expressions in predicting the onset of troughs in non-uniform webs approaching 
tapered or misaligned roller. These closed form solutions still have value for web line 
engineers who lack the ability or time to employ FEA. The closed form solutions 
typically yield conservative results that can safely be used by design engineers. Non-
linear FEA can be used to predict the onset of wrinkles in uniform and non-uniform 
webs approaching tapered or misaligned rollers. It has been shown herein that the 
non-uniform web studied is more unstable than a similar uniform web. The non-
uniform web was shown to be more susceptible to troughs and wrinkles. 
